We show that Maxwell theory (i.e. U(1) Yang-Mills theory without fermions) on noncommutative R 4 is renormalizable to all orders (both in θ andh) when using the SeibergWitten map. This is due to the enormous freedom in the Seiberg-Witten map which generates all those gauge invariant terms in the θ-deformed classical action which are necessary to compensate the divergences coming from loop integrations.
Introduction
1 gauge fieldÂ µ and the noncommutative gauge parameterλ to (local) counterparts A ν and λ living on ordinary space-time. This approach was popularized in [10] where it was argued that this is the only way to obtain a finite number of degrees of freedom in non-Abelian NCYM.
The Seiberg-Witten map leads to a gauge field theory with an infinite number of vertices and Feynman graphs with unbounded degree of divergence, which seemed to rule out a perturbative renormalization. An explicit quantum field theoretical investigation of the Seiberg-Witten map was first performed in [11] for noncommutative Maxwell theory. The outcome at one-loop for the photon self-energy was (to our surprise) gauge invariant and gauge independent. It was not renormalizable. However, the divergences were absorbable by gauge invariant extension terms to the classical action involving θ which we interpreted as coming from a more general scalar product.
It turns out that our extended action is actually a part of the Seiberg-Witten map when exploiting all its freedom. This means that a renormalization of the Seiberg-Witten map itself is able to remove the one-loop divergences. This extends to a complete proof of allorder renormalizability. The philosophy is that the dimensionless parameters of the general Seiberg-Witten map are regarded as running coupling constants.
The freedom in the Seiberg-Witten map
We consider NCYM theory with fermions, regarded as a model on ordinary Minkowski space (with metric g µν ), subject to the altered (non-local) multiplication law for functions f, g on space-time:
(f ⋆ g)(x) = d 4 y d 4 z δ 4 (y − x) δ 4 (z − x) exp iθ µν ∂ ∂y µ ∂ ∂z ν f (y)g(z) .
The real parameter θ µν = −θ νµ will be regarded as a constant external field of power-counting dimension −2.
The Seiberg-Witten map [1] (1) , as formal power series of the corresponding gaugeequivalent commutative (but non-Abelian) objects A µ , λ, ψ,ψ to be multiplied in the ordinary way. The gauge-equivalence condition is
with initial condition
The noncommutative gauge transformations are defined by
and the commutative 2 ones by
The bracket means trace in colour and spinor space. We denote byÂ (n) µ a solution of (2),(3) up to order n in θ. Then, a further solution up to the same order n is obtained by adding any gauge-covariant term with exactly 3 n factors of θ,Â
where k j=1 l j = 2n+1−2k. This condition guarantees thatÂ (n) µ ′ has the same powercounting dimension 4 (=1) as A µ when taking θ of power-counting dimension −2. Each * in (6) stands for a Lorentz index (all but the free lower index µ are summation indices).
] is the covariant derivative and
Yang-Mills field strength. The sum is over all index structures (i) and κ (n) i ∈ R is a free parameter. Inserted into the gauge-equivalence (2) there is on the l.h.s. at order n no further factor of θ coming fromλ or the ⋆-product possible:
2 Although we are first of all interested in Maxwell theory, we present everything as far as possible in a way which also applies to θ-deformed Yang-Mills theory.
3 This is important: A (n) µ contains exactly n factors of θ whereasÂ (n) µ contains 0 ≤ j ≤ n factors of θ. 4 Power-counting dimensions dim are defined as follows:
′ is a solution of the gauge-equivalence condition ifÂ
because no factor θ fromÂ α or the ⋆-product can be combined with A (n) µ up to order n. The noncommutative Yang-Mills action iŝ
DefiningΣ (n)′ as the result of (9) when replacingF
′ and the commutative actions Σ (n)′ and Σ (n) as the Seiberg-Witten map ofΣ (n)′ andΣ (n) , we obtain up to order n in θ
The part Σ (n)′ − Σ (n) of the action represents due to (6) and the dimension assignment in footnote 4 a gauge invariant action of power-counting dimension 0 with n factors of θ. Gauge invariance means that application of the operator δ λ defined in (5) yields zero. The action Σ (n) is gauge invariant at any order k ≤ n in θ, thus yielding at order n in θ terms which are also present in Σ (n)′ − Σ (n) . These terms in Σ (n) can be regarded as a shift to κ (n)
i . Now we pass to quantum field theory and compute Feynman graphs. The loop integrations will produce divergent 1PI-Green's functions which under the assumption of an invariant renormalization scheme 5 are gauge invariant field polynomials of power-counting dimension 0. We hope to remove all of these divergences with n factors of θ by ah-redefinition of κ
The problem is that (10) generates only a subset of all possible gauge invariant actions. For θ-deformed Maxwell theory we are able to show that all divergences actually belong to this subset.
Quantum field theory
The basic object in quantum field theory is the generating functional Γ of one-particle irreducible (1PI) Green's functions (with n factors of θ)
in terms of classical fields A cℓ . Colour indices are denoted by a i . The vacuum expectation value of the time-ordered product of fields in (11) is the Fourier transform of the N-point vertex functional in momentum space,
5 If no invariant renormalization scheme is available (or if one chooses a non-invariant scheme for some reason) one should attempt to restore gauge invariance via the quantum action principle and a parameter redefinition. Gauge anomalies are an obstruction to such a program.
Due to the n factors of θ, the momentum space degree of divergence of Γ
The local Ward identity operator is defined as
The result is on the gauge field sector given by
where f 
where B is the multiplier field required for gauge-fixing. In a linear gauge 6 there are no vertices with external B-lines and thus no divergent 1PI Green's functions with external B. Therefore we have the local Ward identity
(n) being 1PI and divergent. Then, functional derivation of (13) with respect to A a 1
θ-deformed Maxwell theory
In θ-deformed Maxwell theory, or in the sector of noncommutative QED without fermions, the structure constants f c ab are zero so that the second line of (14) (which consists of contact terms) is absent. There are no colour indices. Then (14) , which is the consequence of an invariant renormalization scheme (such as dimensional regularization), is solved by
Inserted into (11) we obtain after integration by parts
But this is according to (10) nothing but the structure of a noncommutative Maxwell action after Seiberg-Witten map (with D ν ≡ ∂ ν ), which thus is able to absorb all divergences coming from loop integrations: The noncommutative Maxwell action
is renormalizable at order n in θ and any order L inh due to the gauge-covariant terms A which preserves the form of (17). 6 We refer to [11] for a natural nonlinear gauge in θ-deformed Maxwell theory.
Remarks on θ-deformed Yang-Mills theory
We write down (14) in momentum space, using (12):
with q + p 1 + · · · + p N = 0. For N = 1 we have the same solution as for Maxwell theory (15),
Insertion of the above solution into the second line of (18) for N = 2 yields
The resulting sequence of (differential) equations should be solved order by order, in the hope to find the same structure as Σ (n)′ − Σ (n) in (10).
Extension to any order in θ
It remains to prove that the gauge-equivalence (2) of the Seiberg-Witten map can be extended to order n+1 in θ. This is not clear a priori because the gauge transformations δλ and δ λ applied to A (n) µ produce very different results at higher order in θ. We expandÂ (n+1) µ into a Taylor series:
We recall now the Seiberg-Witten differential equation
for a solutionÂ µ of (2) ν , we obtain a Seiberg-Witten map up to order n+1, 7 We would like to stress that (20) guarantees dim(Â µ ) = 1 to all orders of θ.
which implies renormalizability up to order n+1 in θ. Accordingly, the noncommutative gauge parameter is at order n+1 in θ obtained aŝ
.
Thus we have proved by induction that the noncommutative Maxwell action (17) is renormalizable to all orders in θ andh via a general Seiberg-Witten map. Observe thatÂ
′ is a complicated nonlinear function of κ (j) i for j ≤ n.
Remarks on fermions
We would like to extend the renormalizability proof of θ-deformed Maxwell theory to θ-deformed QED [12] . So far we did not succeed, nevertheless we present some ideas which hopefully turn out to be useful. On that level we can formulate everything for Yang-Mills theory with fermions.
In analogy to (6) we add to a solutionψ (n) of the gauge-equivalence (2) the most general gauge-covariant term in ψ with exactly n factors of θ: ) as ψ. All indices are summation indices. We have introduced the covariant derivative for fermionsD µ ψ = ∂ µ ψ − iA µ ψ, m is the fermion mass and γ µ are the Dirac gamma matrices. The quantity ψ P r l 0 l 1 ...l k ψ is a (gauge invariant) function on space-time obtained by taking the trace in spinor and colour space, without space-time integration.
In the same way as in (7),ψ (n)′ is a solution of the gauge-equivalence (2) ifψ (n) is:
The Seiberg-Witten map for the adjoint spinorψ = ψ † γ 0 is simply obtained by Hermitean conjugation, using
, where Π contains all saturated fermions ψ P
Then, the noncommutative Dirac action
gives after Seiberg-Witten map the real-valued gauge invariant fermionic action
D is due to (22) a real-valued gauge invariant integrated field polynomial of power-counting dimension 0 with at least two fermions. Such terms will also come from the action Σ (n) D , which leads effectively to a shift ofκ (n) i . However, this generates only a subset of all gauge invariant fermionic actions [13] . The hope is that (assuming again an invariant renormalization scheme) the (divergent) 1PI Green's functions are precisely of the form (25). Unfortunately, the Ward identity (which was the main tool in the renormalizability proof for Maxwell theory) gives here no further information.
Assuming it is possible to prove that divergent 1PI Green's functions are of the form (25), let us show that the Seiberg-Witten map (22) for fermions can be extended to order n+1. This goes as in the bosonic case via Taylor expansion and the differential equation implementing the gauge-equivalence:
Then,
is the required solution of the gauge-equivalence at order n+1 in θ. Again,ψ (n+1)′ is a complicated nonlinear function of κ
for j ≤ n.
One-loop photon self-energy
As an example let us look at the lowest orders of noncommutative Maxwell theory studied in [11] . In order θ 1 there is only one 8 gauge covariant (here: invariant) extension to the Seiberg-Witten map:
which, however, drops out of the Maxwell action,
2 we have, up to total derivatives ∂ µ ( . ) and Bianchi identity, four different terms 9 in (6):
These lead to the following terms in the action (10):
4 (θ µα θ ν α2
where
Comparing (29) with the one-loop calculation in [11] we see that the following renormalization of κ (2) 1 , . . . , κ
4 → κ
cancels precisely the one-loop divergences in the photon self-energy. In other words, (30) provides a formal power series κ
i [h] such that the one-loop photon self-energy Greens's function is at order θ 2 renormalizable. This extends to any loop order and any Green's function as proved in the previous sections.
Discussion
We have proved renormalizability of noncommutative Maxwell theory to all orders in perturbation theory. This was a long-standing challenge. After the classification of diseases of noncommutative QFTs by Chepelev and Roiban [9] there remained not much hope that this could be achieved beyond one-loop.
The alternative approach via the Seiberg-Witten map [1] introduces an infinite number of non-renormalizable vertices with unbounded power-counting degree of divergence into the game. It is therefore surprising that such bad divergences can be treated. Fortunately the Seiberg-Witten map is a friendly monster which for each problem in a given order provides a cure in the same order (by shifting the mess to the next order, etc).
In this way we have achieved renormalization of a gauge theory with an external field of negative power-counting dimension -a model with infinitely many vertices. The point is that via the Seiberg-Witten map all these vertices can be summed up to a renormalizable action as simple as (17). But there is a complicated non-linear mixture between theh-order and the θ-order which is the reason why nobody was able to guess the Seiberg-Witten map from the other end.
We would like to stress that although it is nice to have a closed form of one possible Seiberg-Witten map to all orders in θ (see [14] and references therein), this does not help very much for renormalization. The crucial message is not to fix one solution but to keep maximal freedom in the coupling constants κ, which can only be determined by experiment.
Of course the renormalizability proof should be extended to NCYM theory and to fermions, simply because we would like to formulate a renormalizable noncommutative version of the standard model. In this respect we stress that in θ-deformed QED there is only one place for a coupling constant -namely in front of the photon action. It is therefore not possible to have fermions of different electric charge [15] . This is not a problem because in noncommutative geometry a part of the electric charge of the quarks comes from the colour sector [16] .
One of the basic principles of renormalization is the independence of the specific way one treats the problems. How can we understand then the UV/IR problem [7, 8] which plagues the θ-undeformed approach and which is completely absent in the Seiberg-Witten framework? We believe that the UV/IR mixing is not really there, it is a non-perturbative artefact absent in perturbation theory -and thus should be treated by non-perturbative techniques as suggested in [9] . Let us consider the integral
which is part of the tadpole graph in noncommutative Maxwell theory. The standard integration methods agree in the following (finite!) answer:
This (1/p 2 ) behaviour is the origin of all infrared problems. On the other hand, expanding the exponential we produce at first sight divergences of arbitrary degree:
Exchanging the sum and the integration, the integral of any term in the series is scaleindependent and IR well-behaved -and as such zero in all standard renormalization schemes:
The infrared problem disappeared. There is no contradiction between (31) and (32) because the integral is clearly not absolutely convergent so that exchanging sum and integration is dangerous. Which one of (31) and (32) is correct? There are good reasons to believe that the θ-perturbative result (32) should be preferred -it leads to a renormalizable Maxwell theory. In some sense this can be regarded as a normal ordering in noncommutative renormalization: First the integrals must be performed, then the sums. This eliminates the infrared singularities.
